The theory of multiple scales was first applied to model sound propagation in slowly varying ducts without mean flow by [1] . This theory was subsequently extended to include cases with mean irrotational flow [2] , mean swirling flow [3] and most recently non-axisymmetric ducts (with mean irrotational flow) [4] . The use of the multiple-scales approximation is an attractive alternative to a full numerical solution in engine ducts, as the calculation complexities are only marginally more than finding the eigenmodes inside a straight duct. A comparison of multiple-scales solutions of sound propagation with those obtained from a numerical finite-element method was presented in [5] and shows good agreement across a range of realistic engine frequencies.
original slowly-varying assumption breaks down and a different approximation leads to the non-convective axial variation of the mode satisfying Airy's equation. Such an analysis was performed for both axisymmetric [1, 3, 6] and non-axisymmetric ducts [4] alike in cases of no mean flow, irrotational mean flow and mean swirling flow (axisymmetric only). In all cases it was shown that the incident cut-on mode is completely reflected in the axial plane with a phase shift of π/2. In the event that an isolated mode undergoes cut-on cut-off transition, no energy is propagated beyond the transition point. Similar partial reflection of modes can also occur in lined ducts (so-called near transition) and has been reported by [7] .
An understanding of cut-on cut-off behaviour in hard-walled ducts is important for engine design applications. The usual design of rotors and stators is such that at least for the first harmonic all interaction modes are cut-off. Cutting off acoustic modes by varying the duct geometry could, in principle, add to further reduction of the noise output of an engine. However, reflection of a cut-on mode may also result in the mode becoming trapped inside a section of the duct, possibly leading to acoustic resonance and instability. Such a scenario has been investigated previously by [8] .
In this paper, an explicit analytical solution for transition, either from cut-on to cutoff or vice-versa, is compared against the solution obtained from a numerical finiteelement method. The analytical solution, originally derived in [9] for an arbitrary duct with mean irrotational flow, remains valid to leading-order throughout the duct. In other words, it is a composite solution, encompassing both the inner boundary-layer solution in the neighbourhood of the transition point and the outer slowly varying modal solution far upstream and downstream. This composite solution can therefore be applied exactly as a normal slowly-varying mode, without any need to calculate the size of the boundary layer around the transition point, nor match the inner and outer solutions together at some intermediate interface. Such a solution should enable designers to continue to use multiple-scales theory to examine flow pressure and noise transmission inside an engine duct, whilst now being able to include directly the contributions of modes undergoing transition without encountering singular behaviour.
To test the analytical composite solution, absolute pressure plots are compared against those obtained from the finite-element model [10] . Following in a similar manner as [5] , several cases are examined within a generic engine inlet-duct geometry at realistic engine frequencies, with and without irrotational mean flow. Two such examples are presented in figures 1 and 2. The plots are in cylindrical coordinates, the horizontal axis being the symmetry axis of the engine and the vertical axis being the radial distance from the centre. The lower boundary of the plot represents the spinner of the fan and the upper boundary the engine nacelle. Note that the finite-element solution is presented within a larger domain, as straight duct sections of non-dimensional axial distance 0.3 have been added at either end of the geometry to assist the non-reflecting boundary conditions.
The first test case shown in figure 1 is for a single mode case with no mean flow. Here, the non-dimensional frequency is quite high, ω = 41.0, and so is the circumferential mode also at m = 21. Absolute pressure for the fourth radial mode is plotted from the finite-element solution (top) and our composite multiple-scales solution (bottom) respectively. The multiple-scales solution predicts the fourth radial mode to undergo cut-on cut-off transition in the neighbourhood of x = 1.5 in non-dimensional axial coordinates. It is clear that the agreement in both cases is excellent, with both solutions capturing the incident mode's reflection, an amplitude peak just prior to transition and exponential decay of the mode beyond very clearly. The predicted extent of axial stretching of the furthest pressure peak around transition also appears to be equal in both solutions.
The second case with irrotational mean flow (figure 2) was chosen as it had been previously investigated numerically in [11] . Here, the nondimensional frequency ω = 11.1, with circumferential number m = 10 and the axial Mach number at the source plane (x = 0 for the multiple-scales solution) is −0.5; the negative sign here implies that the flow is from right-to-left in the diagram, as one might expect in an inlet duct. As in the previous case, the figure shows absolute pressure obtained from the finite-element solution (top) and the composite multiple-scales solution (bottom). The multiple-scales theory predicts that cut-on cut-off transition of the first radial mode occurs at roughly x = 1.0 on the figure. Practically the same transition point can also be obtained for the finite-element solution, but complete agreement is found when a slightly lower non-dimensional frequency ω ≈ 11.05 is taken or, alternatively, for a mean flow Mach number that is (absolute) about 0.007 smaller.
The slight alteration in frequency (or Mach number) leads to excellent reproduction of the multiple-scales result and can almost certainly be explained by mean flow differences in the model, which remain well within the expected accuracy of both models.
We note that such arguments may explain why quantitatively the agreement is not so good with the original result of [11] , even though similar, but perhaps axially displaced, features can be identified clearly in the results of all three models.
More examples and a discussion of the sensitivity of certain parameters, including mean flow, will be presented in the full article. 
